ON EXT-INDICES OF RING EXTENSIONS 
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Abstract. In this paper we are concerned with the finiteness property of Ext- 
indices of several ring extensions. In this direction, we introduce some conjectures 
and discuss the relationship of them. Also we give affirmative answers to these 
conjectures in some special cases. Furthermore, we prove that the trivial extension 
of an Artinian local ring by its residue class field is always of finite Ext-index and 
we show that the Auslander-Reiten conjecture is true for this type of rings. 



1. INTRODUCTION 

Throughout the paper, all rings are assumed to be commutative Noetherian rings 
with unity. 

Let i? be a ring. According to [2] , given nonzero i?- modules M and N , we define 
p^{M, N) by the following equality: 

p^{M,N) = sup{z G N I Ext^M, AT) ^ 0} (< oo). 

And we define the Ext-index of the ring R, denoted by Ext-index (i?), to be the 
supremum of finite values of p^{M, N) for finitely generated i?-modules M and A^, 
i.e. 

Ext-index(i?) = sup{p^(M, A^) | M and A^ are finitely generated 

i?-modules with p^{M,N) < oo }. 

Definition 1.1. We say that the ring R is of finite Ext-index if it satisfies 
Ext-index(i?) < oo. Following the paper [7j, we often call R an AB ring if it is 
a Gorenstein local ring of finite Ext-index. 

Recall that the following rings are examples known to be of finite Ext-index: 

Complete intersections ([|7, Corollary 3.5]), Golod rings (P Proposition 1.4]), Goren- 
stein local rings with minimal multiplicity ([71 Theorem 3.6]), and Gorenstein local 
rings with codimension at most 4 ([121 Theorem 3.4]). 

Note also from [9] that there exists an example of an Artinian Gorenstein local 
ring which is not AB. 

In this paper we are mainly concerned with the finiteness property of Ext-indices 
of several ring extensions. This is motivated by the following conjectures, all of 
which seem to be open. (See also [1].) 
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Conjecture (L) : Let i? be a ring and let p G Spec(-R). If R is of finite Ext-index, 
then so would be the localization Rp. 

Conjecture (E) : Let R be an algebra over a field k and let ^ be a finitely generated 
extension field of k. If R is of finite Ext-index, then so would be the ring R ®fc l. 

Conjecture (P) : Let i? be a ring. If R is of finite Ext-index, then so would be the 
polynomial ring R[x\. 

In Section 2, after making some preliminaries, we discuss the relationship among 
these conjectures (Proposition 12. 8p . We shall also give some of the obvious cases for 
the above conjectures. 

In Section 3, we are interested in the trivial extension R{k) of an Artinian local ring 
R with its residue class field k. Surprisingly enough, we prove that R{k) is always 
of finite Ext-index (Corollary 13. 4p . Furthermore we can show that the Auslander- 
Reiten conjecture is true for the rings of this type (Corollary 13. 6p . 

In Section 4, we are interested in how the finiteness of Ext-index is preserved 
by a base field extension for algebras. To be precise let i? be a finite dimensional 
algebra over a field k and we consider a transcendental extension k{x) of k. We show 
under a mild assumption that if R is of finite Ext-index then so is the extended ring 
R ®k k{x). See Theorem 14.21 for the detail. We also give some variants of this 
theorem in Theorems 14.41 and 14.61 

For unexplained notation and terminologies in the paper, see the books [3], [H], 
dU] and [13]. 



2. Preliminaries 
We recall some of the basic facts concerning the Ext-indices. 

Lemma 2.1. 

(1) Let R —>■ S be a faithfully flat ring homomorphism. Then the inequality 
Ext-index(i?) < Ext-index(5') holds. In particular, if S is of finite Ext- 
index, then so is R. 

(2) Let R = Ri X R2 be a product of rings. Then we have an equality 

Ext-index(i?) = sup {Ext -index (i?i), Ext -index (i?2)}- 
In particular, R is of finite Ext-index if and only if so are the both of Ri and 

R2- 

(3) Let X be a non-zero divisor of R. Then the inequality Ext-index(i?/x-R) < 
Ext-index(i?) — 1 holds. In particular, if R is of finite Ext-index, then so is 
R/xR. 

(4) Let {R, m) be a Cohen-Macaulay local ring with dualizing module. And let x 
be a non-zero divisor of R that belongs to m. If R/xR is of finite Ext-index, 
then so is R. 
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Proof. (1) and (2) are proved straightforward only from the definition. See [4, Propo- 
sition 3.5] for (1) and ^ Proposition 3.3] for (2). For (3) and (4), refer to [3, 
Proposition 3.3(1)], [U Lemma 3.4] and [H Propositions 4.2]. □ 

In the following we give an obvious case of Conjecture (L). In the lemma, Max(i?) 
(resp. Min(i?)) denotes the set of all maximal (resp. minimal prime) ideals of R. 

Lemma 2.2. Let m G Max(i?) fl Mm{R). Then we have 

Ext -index (i?m) < Ext -index (i?). 

In particular, if R is of finite Ext-index, then so is R^ for each m G Max(_R) fl 
Mm{R). 

Proof. Let (0) = Qi H Q2 be an irredundant primary decomposition, where Qi is 
an m-primary component and Q2 is the intersection of the components belonging 
to other primes. Since m is a maximal ideal, we have Qi + Q2 = R, hence R = 
R/Qi X R/Q2. Noting that (0)^ = Qi^, we see that R^ = {R/Qi)m = R/Qi- 
Therefore the lemma follows from Lemma [2.1( 2). □ 

Corollary 2.3. If R is an Artinian ring of finite Ext-index, then so is Rp for every 
prime ideal p of R. 

Lemma 2.4. Let R be a Cohen- Macaulay ring of finite Ext-index. Then Rm is of 
finite Ext-index for every maximal ideal m of R. 

Proof. Let d = ht(m) > 0. We can take a regular sequence Xi, . . . , G m on i?. 
Then R/ {xi, Xd)R is of finite Ext-index by 12.1( 3). And thus {R/ {xi, Xd)R)m is 
an Artinian ring of finite Ext-index by Lemma 12.21 Apply 12.1( 4) to this ring that 

is isomorphic to {Rm)/{xi, . . . , Xd){Rm)y and we see that (-Rm) is of finite Ext-index. 
Finally, by virtue of 12.1( 1). we have the finiteness of Ext-index of R^- □ 

The following is a corollary of the proof above. 

Corollary 2.5. Let R be a Cohen- Macaulay local ring of finite Ext-index. Then the 
completion R is also of finite Ext-index. 

Lemma 2.6. Let R be a Gorenstein ring of finite Ext-index and suppose that 
dim(i?) < 00. Then the equality Ext-index(i?) = dim(i?) holds. 

Before proving this, we should remark that if R is an AB ring then the equality 
was shown in [T, Proposition 3.2]. Also this has been proved by Mori [TH Corollary 
3.3] including non- commutative cases. We give below the proof for the convenience 
of the reader. 

Proof. Let m be a maximal ideal of R. By 12.41 know that Rm is an AB ring. 
It follows from the above mentioned result of [7] that Ext-index (/?„,) = ht(m) < 
dim(i?). 

Now let M and be finitely generated -R-modules with Ext^(M, A^) = for 
i ^ 0. Then we have obviously Ext^^ (M^, A'm) = for i ^ 0, hence the equality 
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holds for all i > dim(i?) > Ext-index(i?n^). This is true for any maximal ideal m. 
Hence we have Ext^(M, A^) = for i > dim(i?). Therefore, it is concluded that 
Ext-index(i?) < dim(i?). 

On the other hand, since dim(i?) = id(-R), we can find a finitely generated R- 
module L such that Ext^(L,_R) ^ 0, and Ext''j^{L,R) = for alH > = dim(i?). 
This implies that dim(i?) < Ext-index(i?). □ 

Lemma 2.7. Let R be a Gorenstein ring of finite Krull dimension and suppose R^ 
is of finite Ext-index for each m G Max(/2). Then R is of finite Ext-index. 

Proof. In fact, completely as in the same way as in the proof of 12.61 we can prove 
the following inequalities: 

Ext-index(i?) < sup{Ext-index(i?m) | tn G Max(i?)} < dim(i?) < oo. 

□ 

We observe the relationship among Conjectures (L), (E) and (P) introduced in 
Section 1. 

Proposition 2.8. 

(1) Suppose that Conjecture (P) is true for all Cohen- Macaulay local rings R of 
dimension one. Then Conjecture (L) is true for all Cohen-Macaulay local 
rings R of any dimension with dualizing module. 

(2) Suppose that Conjecture (P) is true for a k-algehra R. Then Conjecture (E) 
is true for R and for all simple algebraic extensions i of k. 

(3) Suppose that Conjectures (L) and (E) are true for all Gorenstein rings con- 
taining field. Then Conjecture (P) is true for all Gorenstein rings of finite 
Krull dimension that contain fields. 

Proof. (1) Suppose (P) holds for all Cohen-Macaulay local rings of dimension one. 
Let (i?, m) be a Cohen-Macaulay local ring with dualizing module and let p G 
Spec(-R), and assume that R is of finite Ext-index. To prove that Rp is of finite 
Ext-index, by induction on ht(m/p), we may assume that ht(m/p) = 1. Take a 
maximal regular sequence {xi, . . . in p (so that h = ht(p)), and consider the 
residue ring R = R/{xi, . . . ,Xh)- By virtue of Lemma [2m (3) and (4), replacing R 
by R, we may assume that R is of one dimension and p G Min(i?). Then take a 
non-zero divisor a G m. Since R[x] is of finite Ext-index, it follows from Lemma 
12.1( 3) that Ra = R[x]/{ax — 1) is also of finite Ext-index. Since Ra is Artinian and 
a ^ p, the localization Rp is of finite Ext-index as well, by Corollary 12.31 

(2) Let i? be a fc-algebra of finite Ext-index. Assume i = k{a) is a simple algebraic 
extension of k. Let f{x) be the minimal polynomial of a over k. Then we have 
R ®k ^ — R[Alifi.^))- Since we are assuming that R[x\ is of finite Ext-index, 
R[x\/{f{x)) is of finite Ext-index as well, by Lemma [2. 1( 3). 

(3) Let be a Gorenstein ring of finite Ext-index that contains a field. To prove 
that the polynomial ring R[x\ is of finite Ext-index, we only have to show that 
i?[a;]ajt is so for each maximal ideal 93T of R[x\. (See Lemma 12. 7[ ) Set p = 971 fl i? 



ON EXT-INDICES OF RING EXTENSIONS 



5 



and we have that Rp is of finite Ext-index by the assumption that (L) is true for 
R. Replacing R with Rp, we may assume that (-R, tn) is a Gorenstein local ring of 
finite Ext-index and that dJt (1 R = m. By virtue of Lemma 12.1( 1) and Corollary 
\2.5\ we may also assume that i? is a complete local ring. Since R contains a field, R 
has a coefficient field k. Then it is obvious that there is an irreducible polynomial 
f{x){^ 0) e k[x] with Wl = {m, f{x))R[x]. By Lemma [2ll]^4), the finiteness of 
Ext-index for -R[x]grrt follows from that for {R[x]/{f{x)))^. But the last ring is a 
localization of R k[x]/{f{x)), which is of finite Ext-index by the validity of (E) 
and (L). □ 

As to Conjecture (P) we give an affirmative answer in a special case. 

Proposition 2.9. Let R be an Artinian Gorenstein ring of finite Ext-index. Assume 
that every residue class field of R is algebraically closed. Then the polynomial ring 
R[xi, ...,Xn] is also of finite Ext-index. 

Proof. By Lemma fL7[ it is enough to prove that R[xi, ...,Xn]m is of finite Ext- 
index for every maximal ideal DJl of R[xi, Since R is Artinian, we see that 
OJl n i? = m is a maximal ideal of R and R/m is an algebraically closed field. 
Therefore, by Hilbert's NuUstellensatz, there are elements ri, . . . , r„ G i? with DJl = 
(m, xi - Ti, . . . ,Xn - rn)R[xi, . . .,Xn]. Siuce Rm = R[xi, Xn]m/{xi - ri, ...,Xn - 
rn)R[xi, Xn]m is of finite Ext-index by Corollary |2^ and since {xi — ri,...,Xn-rn} 
is a regular sequence contained in the Jacobson radical of R[xi, ...,Xn]m, it follows 
from Lemma [2.1( 4) that R[xi, ...,Xn]m is of finite Ext-index. □ 

3. Trivial Extensions 

Let M be an i?-module. Recall that the trivial extension R{M) of i? by M is 
defined to be i?©M as an underlying i?-module that is equipped with ring structure 
by defining the multiplication by 

(r, m) ■ (r', m') = {rr', rm' + r'm). 

There are ring homomorphisms p : R — > R{M) with p(r) = (r, 0) and vr : R{M) — > 
R with 7r(r, m) = r. Note that vr ■ p is the identity mapping on R. 

In this section we are mainly concerned with the trivial extension R{k) of the 
local ring {R, m, k) by the residue class field k. We prove the following theorem as 
a main result of this section. 

Theorem 3.1. Let {R,vn., k) be a local ring and M, N be nonzero non-free finitely 
generated R{k) -modules. Then Tot^^^\M, N) ^ for alln>3. 

The following is a key to prove the theorem. Notice that any i?-module can be 
regarded as an R{k)-modnle through vr : R{k) —>■ R. 

Lemma 3.2. Let {R, m, k) be a local ring. Then for R-modules M and N and for 

an integer n > 1 we have an isomorphism 

Torf ^)(M, N) ^ Tor^(M, N) ® ]J Torf ^^(M, k) 0^ Torf (A;, A^). 

i+j=n—l 
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Proof. Set A = R{k), x = (0, 1) G A and let n be the maximal ideal of A. Note that 
n = (0 :^ x) holds and there is an isomorphism R = A/Ax as a ring. Now consider 
the short exact sequence of A-modules: 

— >k^A — >R — ^0. 

This induces the triangle 

R®\k ^ R0\A -^-^ R®\R > R(S)\k[ll 

which is actually a triangle in the derived category D~(i?, A) of right bounded chain 
complexes of (-R, A)-bimodules. Consider the natural augmentation e : R ®\ R — > 
Ho(-R ®\ R) and we have the following commutative diagram in D~(i?, A): 

R®\A — ^ R®\R 

R — Ho(i?®^i?). 

Thus TT has a left inverse e. Therefore the triangle splits off and it gives an isomor- 
phism in D~(i?, A): 

(*) R®\R= R ® {R®\k)[l]. 

Note that the natural ring homomorphism p : R ^ A induces the forgetting 
functor D~{R,A) D~{R,R), and through this functor we can regard (*) as an 
isomorphism in D~{R, R). Now apply the functors M®^— from the left and —®)^N 
from the right to the isomorphism (*), and as a consequence we have an isomorphism 
in I)-{R, R): 

M®^N={M®^N) © {{M ®\ k) ®l {k ®^ N)) [1]. 
The lemma follows by taking the homology modules of the both ends. □ 

Remark 3.3. Let be a local ring with residue class field i and let M, N be S- 
modules such that is{Tor^{M, N)) < oo for all n. Then we can consider the gener- 
ating function PM^i^it) defined by the equality 

ra>0 

Recall that the Poincare series Pm{^) of ^ is defined to be P^j^j{t) and the Poincare 
series -P/(t) is denoted simply by Ps(t). 

Note that by the previous lemma we can show the equality 

if M and N are finitely generated i?-modules with iji^k) 

< oo for all 

n. Applying this to M = = A;, we have 

PRik)it)=PRit){l-PR{t) t)-\ 

which is a special case of a theorem of Gulliksen [51 Theorem 2]. 
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Now we proceed to the proof of the theorem. 

Proof of Theorem \3.1[ We use the same notation as in the proof of Lemma 
13.21 Suppose Tor^(M, A^) = for some n > 3. Replacing M and with their first 
syzygies, we may assume that Tor^(M, A^) = for some n > 1 and that xM = and 
xN = 0, since M C nF and N C nG for some free A-modules F and G. Thus we may 
assume M and are modules over R through the identification R = Aj Ax. Then 
by Lemma [321 the equality Tox^_^[M, k) ®k {N (g)^ A;) = holds. Since N (^nk ^ 0, 
we see Tor^_^(M, k) = 0. This implies that M has finite projective dimension as an 
y4-module. But depth (A) = and by Auslander-Buchsbaum formula, M is a free 
y4-module. This is a contradiction. □ 

As applications of Theorem 13.11 we can show the following corollaries. 

Corollary 3.4. Let {R, m, k) be an Artinian local ring and let M and N he finitely 
generated modules over the trivial extension R{k). // Ext^(^)(M, A^) = for some 
integer i>?>, then either M is R{k)-free or N is R{k)-injective. 
In particular, the equality Ext-index(i?(fc)) = holds. 

Proof. Taking the Matlis dual which we denote by ( )'^, we have Torf'''^'*(M, A^"^) = 
for an integer i>3. Hence by Theorem 13.11 one of M and A^^ is i?(fc)-free. □ 

Corollary 3.5. Let {R, m, k) be an Artinian local ring. And let E = Efi(^k){k) be the 
injective envelope of the R{k)-module k. Then Ext^(^)(£', R{k)) ^ for all z > 3. 

Proof. Otherwise, it follows from Corollary 13.41 that E is R{k)-fTee or R{k) is R{k)- 
injective. In either case R{k) must be a Gorenstein ring. However, since the socle 
dimension of R{k) is bigger than that of i? by 1, there is no chance for R{k) to be 
Gorenstein. □ 

Corollary 3.6 (Auslander-Reiten conjecture for R{k)). Let {R,m,k) be an Ar- 
tinian local ring and let M be a finitely generated module over R{k). Suppose that 
Ext^j-;^,-) (M, M © R{k)) = for all i > (or more weakly, for some integer i > 3). 
Then M is a free R{k) -module. 

Proof. By Corollary 13. 4[ either M is i?(A;)-free or M ®R{k) is -R(fc)-injective. In the 
latter case R{k) has to be a Gorenstein ring. However this never occurs as we have 
already remarked in the proof of the previous corollary. □ 

4. More ring extensions 

Let R be an algebra over a field k. And let M be a module over the polynomial 
ring R[x\. The specialization of M to an element a G A; is defined by 

M„ := M (^k[x] {k[x]l{x - a)k[x\). 

Remark that if M is a finitely generated i?[x]-module, then is a finitely generated 
i?-module. 
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Lemma 4.1. Let R be a k-algebra and let a ^ k. Assume that x — a is a nonzero 
divisor on R[x]-modules M and N. Then we have an exact sequence 

^ Ext^[,](M, N)a ^ Ext*R(M„, Na) ^ Torf["l(Extg^j(M, iV), k[x]/{x - a)) ^ Q 
for each i > 0. 

Proof. From the obvious exact sequence 

^ N N ^ Na ^ 

we have a long exact sequence 

Ext'^[,](M, N) A Ext^^[,](M, TV) ^ Ext'^[,](M, 7V„) ^ Ext5^](M, N) Ext5^](M, TV), 

where each /j is a multiphcation mapping hy x — a. Since x — a is a nonzero divisor 
on M, one can easily see that Ext^[^](M, No) = Ext^(Ma, No). Thus it results the 
exact sequence 

coker(/,) Ext^^(M,, N^) ker(/,+i) 0. 

By the definition of specialization it is easy to verify that coker(/j) = Ext^j^.] (M, N)^, 

and ker(/,+i) ^ Tort["l(Ext*^+^](M, TV), k[x]/{x - a)) □ 

Related to Conjecture (E) in Section 1, we are now able to the following theorem. 

Theorem 4.2. Suppose that k is an uncountable field and R is a finite dimensional 

k-algebra of finite Ext-index. Let k{x) be a transcendental extension of k. Then 
-R ®fc k{x) is also of finite Ext-index. More precisely, the inequality Ext -index ( (8)jt 
k{x)) < Ext-index(i?) holds. 

Proof. Set b = Ext-index(i?) and let M' and N' be finitely generated R (g)^ k{x)- 
modules satisfying Ext^^^^(^)(M', iV') = for i 3> 0. We only have to show that 
Ext^«.M-)(M',iV') = 0for^>6. 

Note that R (8)^ k{x) is just a localization of R[x] by a multiplicatively closed 
subset A';[x]\{0}. Hence we can choose a finitely generated i?[a;]-submodule M of M' 
(resp. N of N') so that M (Sik[x] k{x) = M' (resp. ®k[x] k{x) = N'). Notice that 
x — a acts on M and A'^ as a non-zero divisor for each a E k. 

Since we have an isomorphism Ext^j^^^,^(^^^{M' , N') = Ext^[3.](M, N) ®k[x] k{x), we 
see that Ext*K[^](M, N) <S)k[x] k{x) = for i > 0. 

On the other hand, since i? is a finite dimensional /c-algebra, each module 
E'Xt^[3,](M, A^) (i > 0) is a finitely generated A;[x]-module. Hence it has a de- 
composition as a A;[a;]-module as follows: 

Si 

Ext^f,](M, iV) - k[x]/{f,,{x)) © k[xY\ 
j=i 

where fij{x) ^ e k[x]. 

Since Ext^[^](M, N) ®k[x] k{x) arc vanishing for i ^ 0, we have = for i ^ 0. 
Since there are only countably many equations [x) , we can find an element a E k 
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with the property fij{ot) 7^ for all Then, since x — a acts bijectively on 

k[x\/{fij{x)), we see that TorJ''''(Ext'^^j(M, A^), k[x\/{x - a)) = for all i. And 
we see as well that Ext^[^](M, A^)q, = for i ^ 0. Therefore the previous lemma 
implies that Ext^(MQ,, N^) = for i ^ 0. Thus, by the definition of Ext-index, 
we have Ext^(MQ,, A^^q.) = for all i > b. Since Ext^[^](M, A^)q, is a submodule of 

Ext^(Ma, Na) by Lemma |4?T| we have Ext*^j^j(M, A^)„ = for all i > b. This imphes 

that Tj = for 2 > b, which is equivalent to the vanishing Ext^[^](M, N)^k[x]k{x) = 
for i > b. □ 

Remark 4.3. Given an integer t > 1, suppose there is a natural number n with 
Ext^(M, A^) = for n + 1 < z < n + t and Ext^(M, N) ^ foi j = n,n + t + 1. In 
such a case we say that Extij(M, A^) has a gap of length t. Set 

Ext-gap(i?) := sup{t G N | there are finitely generated -R-modules M and A^ 

such that Ext^(M, A^) has a gap of length t}. 

The ring R is called Ext-bounded if Ext-gap(i?) < 00. We should remark from [3, 
Theorem 3.4(3)] that if i? is a Gorenstein local ring that is Ext-bounded, then R is 
of finite Ext-index. 

Keeping in mind this remark, we can prove the following statement completely in 
a similar way to the proof of Theorem 14.21 

Theorem 4.4. Let R be a finite dimensional k-algebra where k is an infinite field, 
and let k{x) be a transcendental extension of k. If R is Ext-bounded, then so is 
R<S)k k{x). More precisely the inequality Ext-gap(i?®fc k{x)) < Ext-gap(i?) holds. 

Proof. Let M' and A^' be finitely generated R /c(a;)-modules and suppose that 
Ext ji^^f:{^){M' , N') has a gap of length t. To prove t < Ext-gap(i?), we use the 
same notation as in the proof of Theorem 14. 2[ First we can find finitely generated 
i?[x]-modules M and A^ and an integer n satisfying Ext^j^;]!^? ^) k{x) = for 
n + 1 <i <n + t and Ext^^[^](M, A^) ®k[x] Hx) 7^ for j = n, n + t + 1. As in the 
proof of Theorem 14. 21 we decompose Ext^[^](M, A^) as A;[x]-modules into direct sums 
of indecomposable ones, and we have a finite number of equations fij {x) {n + 1 < 
i < n + 1 + 1, 1 < j < Si). Now we choose an element a E k that is not a zero of 
any of these polynomials. Then, as in the same way as the proof of Theorem 14. 2^ 
we can show Ext^(MQ,, No) = for n + 1 < i < n -\- 1. Thus by definition we have 
t < Ext-gapi?. □ 

Remark 4.5. Let i? be a Cohen- Macaulay local ring with dualizing module. As 
pointed out in [U Observation (4.1)], by using maximal Cohen-Macaulay approx- 
imations, it is easy to see that R is of finite Ext-index if and only if there exists 
an integer 6 > 0, depending only on R, such that P^{M, N) < b for all maximal 
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Cohen-Macaulay -R-modules M and with P^{M,N) < oo. In fact, setting 
C{R) = sup { p^{M, N) I p^{M, N) <oo where M and N are 

maximal Cohen-Macaulay -R-modules } , 

we can show 

C{R) < Ext-index(i?) < C(^) + d. 

Therefore R is of finite Ext-index if and only if C{R) < oo. 

Note that in the case that ia a Gorenstein local ring, we have the equality 
Ext-index(i?) = ({R). 

Theorem 4.6. Let {R, m, k) be a Cohen-Macaulay local ring of finite Ext-index. As- 
sume that R possesses a dualizing module and that R has an uncountable coefficient 
field k. Then R[x]mRix] is of finite Ext-index as well. More precisely, the inequality 
C{R[x]mR[x]) < Ext-index(i?) holds. 

Proof. It is known and is easily seen that -R[a;]mij[2;] is also a Cohen-Macaulay local 
ring with dualizing module. We only have to show that C(-RNmii;[a;]) < Ext-index(i?). 

Let t = Ext-index (i?), and assume that there are maximal Cohen-Macaulay 
^NmiJH -modules M' and N' such that Ext^^^j^^^^^ (M', A^') = for i > 0. We 
shall show that this vanishing holds for all i > t. 

As in the proof of Theorem 14.21 we can find finitely generated -modules M 
and A^, such that Ext^^j^j^^^^^^ (M', A^') = ExVj^^^^iM, N)mR[x] for all i. For simplicity 
we denote the i?[x]-module Ext^j^] (M, A^) by E\ By Nakayama's lemma, it is easy 
to see that that -E'^^jj.] = is equivalent to that {E'^/mE'') ^k[x] k{x) = 0. 

Note that each E^/mE^ is a finitely generated /c[a;] -module. Hence, as in the proof 
of Theorem 14.21 we have the decomposition as /c[x]-modules into indecomposable 
modules: 

Si 

EymE' = ^k[x]/{f,,{x))®k[xY', 
i=i 

where fij ^ are irreducible polynomials of k[x]. As before we can choose an element 
a & k so that fij{a) ^ for all j. Since x — a acts bijectively on k[x]/ {fij{x)), we 
see that {E^ ImE^)^ = k^' for i. By the assumption, since rj = holds for i ^ 0, we 
have {E'/mE')^ = for i > 0. 

Note that {E^/mE'^)^ = El^/mE]^ holds by a trivial reason. Thus it follows from 

Nakayama's lemma that E]^ = for i 3> 0. This means that E^ ^— ^ E^ is bijective 
for i ^ 0. Therefore we have Tor^'^^ {E^'^'^, k[x]/ {x — a)) = for i ^ 0. 

Hence by Lemma iHl Ext^M^, A^'^) = for i > 0, and thus Ext^(M^, A^"^) = 
for i > t, hj the definition of t. Use Lemma 14.11 and we have that E^^ = for all 
i > t. In particular, [E^ /raE'^)a = for i > t. This means that = for i > t and 
hence E''/mE'- <^k[x] k{x) = for i > t, equivalently E^^j^^^^ = ior i > t. This shows 
C{R[x]mRix]) < t as desired. □ 
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Remark 4.7. As in Remark 14. 3 [ we can prove the following statement completely in 
the same way as the proof above: 

Let {R, m, k) be an Ext-hounded Cohen- Macaulay local ring admitting dualizing 
module. Assume that R has an infinite coefficient field k. Then R[x\^r[x\ is also 
Ext-hounded. 
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